Abstract. Increased requirements regarding safety, reliability and early detection of failures of industrial machines stimulate the development of new methods and tools for purposes of condition monitoring. The paper presents original concept of the Teager-Kaiser energetic trajectory representing an examined signal on the Teager-Kaiser energy plane. The Teager-Kaiser energetic trajectory illustrates simultaneously changes of instantaneous values of the Teager-Kaiser energy indicator and the velocity of change of the energy indicator. At the beginning of the paper, the Teager-Kaiser energetic trajectory is presented and described followed by examples of trajectories of simulated signals. In the next section, the author presents and discusses the model of signal simulating occurrence of a failure in a gearbox. Finally, the paper presents representations of signals recorded form gearbox during fatigue tests. The paper concludes with the discussion on application options of the Teager-Kaiser energetic plane in condition monitoring of rotation machinery.
Introduction
A failure of an industrial machine or a civil engineering structure can result in high environmental costs as well as in casualties and fatalities. As a result, there is a constant pressure on research and development of reliable techniques for detection of technical condition of systems. Among various research activities one can recall: the use of new techniques of signal processing [1] [2] [3] , the application of new measurement strategies [4, 5] such as sensors embedded in structure [6] or the use of different physical phenomena for the detection of early stages of failures [7] [8] [9] [10] .
The emergence and development of a failure in a component of a machine result in the change of energetic structure of a vibro-acoustic signal generated during operation [3, 7, 9] . In particular, this change is related to the disturbance of amplitude and frequency structure of the signal [9, 11] which can be considered as diagnostic symptoms. Usually symptoms related to early phases of failure development cause a low-energetic change in the signal. The detection of such low-energetic symptoms in diagnostic signal is a difficult task due to the noise and overlap of vibrations from different sources. However, if the failure is correctly identified, it is possible to monitor its further development and to choose the optimal maintenance strategy and obtain notable savings.
Bearings and gearboxes are the most common components of almost all machines. There is a wide variety of types of gearboxes, but the most basic mechanisms of toothed wheels damage are: the fatigue break of tooth and the pitting [12, 13] . The detection of diagnostic information (the symptoms) concerning failure requires the use of suitable signal processing and analysis techniques. There is a wide range of signal analysis methods among which the most popular are:
-methods based on the analysis of average measures of signals e.g.: RMS, kurtosis [14] ; -methods based on analysis of modulation phenomena [15] [16] [17] ; -methods based on spectrum analysis [18] , time-frequency and wavelets [19] [20] [21] [22] [23] .
In the literature [3] it is pointed out that the main disadvantage of methods mentioned above is the use of integration operators in the process of searching of diagnostic information. The integration operators cause averaging of signals which can lead to the loss of diagnostic information about the early symptoms of failures. At present, research is focused on the development of differential methods. These methods are supposed to be sensible to transient disturbances, appearing in the diagnostic signal, which are related with early-phases of failures. The analysis of envelope contact factor [3] or the analysis of Teager-Kaiser energy of signal [24, 25] are examples of such methods.
In this paper, the author presents the concept of Teager-Kaiser energetic plane which, with the use of Teager-Kaiser energy operator, represents an examined signal in the form of the energetic trajectory. The energetic trajectory illustrates simultaneous changes of instantaneous values of the energy indicator and the velocity of change in the value of energy indicator. The Teager-Kaiser energetic trajectory is an innovative tool of representing a signal which allows the detection of disturbances related to diagnostic symptoms in the energetic structure of the signal. The presentation of the Teager-Kaiser energetic plane is supported by examples of the trajectories of simulated signals and the discussion of results.
Teager-Kaiser energetic plane
The idea underlying the creation of the Teager-Kaiser energetic plane was the hypothesis that the emergence and development of a failure affect the energetic structure of a signal resulting in the occurrence of disturbances characterized by high values of the energy as well as high velocity of change of energy. The motion of components not disturbed by failure can be described by harmonic functions while failure introduce effects of changes of amplitude or/and phase. Symptom of emergence of failure is disturbance of oscillatory motion resulting from disturbance of mating of machine components. The one can analyze those effects using classical well established integral operators such as Hilbert transform or to analyze the signals energy -dose it grows and how fast this growth occurs. The change of the energy caused by early and low-energetic stage of failure can shift the energy not much while the energy itself will be changing rapidly due to nonlinear phenomena related with failure. Taking in to account the energy and its velocity of change, the failure can be not only detected but also its stage of development can be followed. Considering two events causing the same change of the energy, the one of them which is characterized by more rapid changes (increase and decrease) of the generated energy seems to be more significant than other. More likely the event with high velocity of change of the energy will be the one leading to faster development of degradation process.
Taking into account both measures, i.e. the energy and the velocity of energy, it is possible to determine the significance of observed phenomena. The application of the Teager-Kaiser energy operator Ψ( ( )) [24] [25] [26] [27] [28] [29] to calculate the energy of signals is related to its ability to detect changes appearing in the amplitude and frequency structure of the signal. Even a small and transient variation of the value of the amplitude or the frequency of the signal ( ) will cause corresponding change in energy indicator waveform ( ( )). The Teager-Kaiser energetic plane is defined by canonical coordinates:
( ( )) -the energy indicator of the signal ( ) and ( ( )) -the velocity of change of energy indicator of the signal ( ), both calculated with the use of the Teager-Kaiser energy operator Ψ( ( )). For a given time signal ( ) , ( ( )) and ( ( )) simultaneously presented on the energetic plane − create trajectory called the Teager-Kaiser energetic trajectory or shortly the energetic trajectory.
The Teager-Kaiser energy operator Ψ( ( )) was first presented in [26, 28] . The definition of equations for ( ( )) for continuous time and discrete signals can be found in [24] [25] [26] . The Teager-Kaiser energy operator Ψ( ( )) for continuous time signals is defined as Eq. (1):
where: ( ) is continuous time signal and Ψ( ( )) is Teager-Kaiser energety operator. As a result of acting TKEO on signal under consideration its energy indicator is obtained ( ( )) in form of continuous time waveform. For discrete signals TKEO is given by following Eq. (2):
where: [ ] is th sample discrete signal. In [25] authors presented higher order differential energy operators among which, the third-order differential energy operator calculates energy velocity of continuous time signal ( ) Eq. (3):
As a result of acting Υ on signal ( ) the velocity of change of energy indicator ( ( )) is obtained.
However, presented in [25] discrete-time version of the third-order equation differential energy operator Eq. (4) is incorrect resulting in incorrect values and erroneous shape of expected waveform of the energy velocity:
Therefore, for the calculation of the ( ( )) it is necessary to use one of the numerical methods for the calculation of the derivative of a signal or equation such as Eq. (5):
The reader might sense some similarity between the concept of the Teager-Kaiser energetic plane and the phase plane [30] . However, it must be pointed out that the representation of analyzed signals on − plane is a significantly different approach from the phase plane. The next section presents examples and discussion of energetic trajectories of signals with different types of modulations and signals generated by a model simulating the occurrence of a failure in the gearbox.
Energetic trajectories of signals with modulations
The trajectory of a signal ( ) on the Teager-Kaiser energetic plane presents simultaneous changes of ( ( )) and ( ( )). As a result, signals with different parameters, for example modulation parameters, will have different trajectories. Additionally, due to the sensitivity of the Teager-Kaiser energy to transient events, the energetic trajectory can be used for the detection of changes of modulation parameters of a signal with amplitude-frequency structure.
The figures below (Figs. 1-5) present trajectories of simulated signals. Due to this, no units are presented on axis of ( ( )) and ( ( )). Fonts in the used calculation software did not allow to inscribe symbol, the axis of ( ( )) are marked as "energy " and the axis of ( ( )) are marked as "velocity of change of energy ". In the case of the harmonic signal, modelled as:
where: -carrier amplitude, -carrier frequency, -initial phase; due to the constant value of the amplitude and frequency of the signal, the signals energy ( ( )) is constant and its representation on the − plane is a single point. If during the duration of a signal its instantaneous value of amplitude or/and frequency changes, the Teager-Kiser energy waveform will also change. The figure below (Fig. 1) presents trajectories of signals with amplitude modulation (AM) modelled as:
For presentation reasons the following values of parameters were chosen: -carrier amplitude equal 2, -carrier frequency equal 500 Hz, -initial phase equal 0, -modulation depth equal: 0.05 or 0.1 or 0.5, -modulation frequency equal 25 Hz.
Fig. 1. Energetic trajectories of AM signals with different values of modulation depth
Although the trajectories have similar shapes, their magnitudes differ due to different values of the modulation depth . If a change in the technical condition of a machine manifested itself in the change of amplitude modulation, the energetic trajectory would be affected and manifest the change in the technical condition. The magnitude of the trajectory is related to the magnitude of modulation parameters: and . The change of instantaneous frequency of the signal can be related to frequency modulation (FM). A change in of the frequency modulation index can be related to the operation abnormality of a machine component [31] . Fig. 2 presents a set of trajectories calculated for FM signals which differ in the value of index, only. The signals were modelled as:
The trajectories presented below (Fig. 2) where created with the following set of parameters: -carrier amplitude equal 2, -carrier frequency equal 500 Hz, -initial phase equal 0, -modulation index, for reason of example equal: 0, 5, 1 or 2, -modulation frequency equal 25 Hz. 
which is related to the energy of modulation phenomena. The second significant difference is the shape of the trajectory which is strictly related to the type of modulation. The representation of a signal with AM modulation on the energetic plane has an elliptic and rather smooth shape while the trajectory of a signal with FM modulation is strongly rippled vertically.
Most often, failures of machine components, such as gears or bearings, introduce amplitudefrequency modulation (AMFM) in a vibration signal [31] . The most common model of a signal with AMFM modulation is defined by the following equation: As the result of the amplitude-frequency modulation of a signal, the Teager-Kaiser energetic trajectory has the shape of superposition of the shapes characteristic for the AM and FM modulations. The modulation parameters and of the signal affect both the magnitude and shape of the energetic trajectory. Additionally, the shape of the trajectory can be affected by phase relationship between AM and FM modulations.
Influence of noise on representation of signal on Teager-Kaiser energetic plane
In the first publication on the TKEO Kaiser [24] pointed out that energy operator is sensitive to noise, especially wideband or one with large amplitudes compared to signal's amplitude. For signal contaminated with additive zero-mean uncorrelated Gaussian noise with variance the expected value of the output of TKEO is biased by the variance of the noise. As a solution, Kaiser suggested to perform low-pass filtration in order to reduce effects of the noise.
Since this time development of methods for suppressing noise became important task allowing extending applicability of TKEO. In [32] authors propose use of bank of band-pass filters to improve estimation of instantaneous frequency of signal with noise. Dimitriadis and Maragos [33] applied method using smooth splines to increase robustness of TKEO approach for identification of AM and FM components of a signal with AMFM modulation phenomena. In [34] authors evaluated cumulants and probability density functions and applied a three-point binomial filter at output of TKEO for separation of modulation components from signal with noise.
The quality of information carried by presented energetic trajectory depends on quality of analyzed signal. The signal should have as good as can be, meaning high signal to noise ratio (SNR) Eq. (10):
where: (•) is variance operator, -noise-free signal, -noise. Increase of SNR can be achieved by filtration or synchronous averaging. To decrease disturbance of diagnostic information the signal should be band-pass filtered to the band of interest [35] . To analyze influence of additive zero-mean Gaussian noise on representation of amplitude modulated signal on energetic trajectory the noise with SNR 25 dB and 15 dB were added to the signal. Next contaminated signals were band-pass filtered using Gabor filter Eq. (11) [35] :
where is the center frequency of the band-pass filter, is the width of the filter. From filtered signals energetic trajectories were calculated. Fig. 4 presents example of energetic trajectory for signal with SNR 25 dB and energetic trajectory of pure signal.
Deviations of the trajectory are caused by unfiltered noise however characteristic shape is kept. RMS value of relative error for signal with SNR equal 25 dB was 0.84 while for signal with SNR equal 25 dB was 1.26. Keeping in mind sensitivity of the Teager-Kaiser energy trajectory to noise, ensuring proper processing of diagnostic signal, the method might be useful diagnostic tool. 
Impact of signals transient disturbance on energetic trajectory
Next to the pitting, the fatigue break of tooth is one of most common causes of the damage of toothed wheels in the gearbox. The fatigue of the tooth is a fast developing process which usually leads to the entire break of the tooth. To analyze the impact of the emergence and the development of fatigue break of tooth on signals − representation, the model Eq. (12) presented in [36] was used:
The function ( ) allows the model to describe phenomena of contact of teeth one of which has a lower stiffness then the other. It is assumed that this decrease of stiffness can result from fatigue break of a tooth. As the result of a local decrease of stiffness, in signal ( ) there 
were calculated using the Gauss shape function ( ) = √ exp − and for all residual time moments value of ( ) was equal 0. As a result (Fig. 5) , during duration of complete period of ( ) there appeared a single short time change in the resulting value of modulation depth ( + ( )). The damage, modelled as transient and local disturbance in modulation depth, causes a very small change in the signal. Practically it does not influence any average measures of signals such as RMS value, Crest Factor or kurtosis and based on them, the damage is undetectable. In mentioned measures 4 digit after coma was change or no change at all was observed. Also, spectrum of signal was not influenced by introduced local disturbance in modulation depth. However, comparing Teager-Kaiser energetic trajectory of signals, one without modulation depth disturbance ( ( ) = 0 for all ) and the other with modulation depth disturbance ( ( ) ≠ 0 for specified ), resulting from a modelled damage, the change in the signal can be easily detected (Fig. 6 ). Significant divergence between trajectories appears for time instants moments of increased values of modulation depth. The magnitude of the modelled disturbance ( ) will influence the magnitude of its representation on the energetic plane. The shape of disturbance ( ) governed by mathematical model will also influence the representation. The sharper shape of ( ) the sharper its representation along both axis of the energetic plane. 
Energetic trajectories of gearbox vibration signals
As mention before, fatigue break of tooth is next to pitting one of the most common degradation processed in gearboxes. Break of tooth can develop very fast and its early stage symptoms are difficult to detect with the use of standard measures.
Vibration acceleration signals, recorded during diagnostic experiment of fatigue break of tooth, were analyzed in order to identify potentials and limitations of the energetic trajectories of real life signals. The experiment was conducted on a back-to-back tester (Fig. 7) . This test stand allows for accelerated fatigue tests of gears.
Results presented below were obtained during a 72-minutes experiment. During the experiment, vibrations of gear housing synchronized with trigger signal from the induction sensor placed on the pinion shaft were recorded. The investigated gears were spur gears with 27 teeth in the pinion and 35 teeth in the gear. During the test the gears were loaded with a torque of ca. 1300 Nm generated by load clutch. The investigated gear pair had no artificial defects such as a notch, cut or crack. The experiment was conducted until a single pinion tooth was completely broken.
During the whole test, the signals were recorded continuously (without breaks) in 6 second data blocks. All in all, 718 data blocks were recorded. The Bruel&Kjaer 4504A vibration sensors and National Instruments NI-PXI 8186 measuring computer with NI-PXI 4472B DSA measuring card were used during the test. Sampling frequency was set at 25,6 kHz while the rotational frequency of the pinion shaft was ~25 Hz. The records from the test could be assigned in general to three technical conditions. The first one could be referred to as fully operational (healthy), the second one as partly operational (intermediate) in which it was expected that the fatigue damage has already begun. The last one could be referred to as the condition of non-operation (failure), in which it was possible to detect symptoms of fatigue break of tooth such as the increase of Envelope Contact Factor (ECF) [37] .
The figures below (Fig. 8 to 10 ) present energetic trajectories for selected recordings (6-seconds data blocks) from each of the technical conditions. The energetic trajectories, for readability reasons, are presented as a cloud of points, revealing the change in spatial distribution of points that create the trajectories. The trajectory for the fully operational condition (Fig. 8) occupies the lowest area. The energetic trajectory for partly operational condition state (Fig. 9) is bigger than the one for fully operational condition state. In this case, there are mostly points with higher values of the Teager-Kaiser energy ( ( )) and some which have additionally higher values of ( ( )). Fig. 10 presents a cloud of points creating energetic trajectory for one of data blocks for non-operation damage condition of the gearbox. In this case, one of teeth has a fatigue crack in its base causing transient disturbance in the meshing. The energetic trajectory is made of widely dispersed points with many points with high ( ( )) and ( ( )) values. Those points indicate rapid and highly energetic transient events caused by an impulsive mesh of pair of teeth. These significant changes in the character of the energetic trajectories can be used to detect early stages of damages both in gearboxes and bearings. The high energy and the high velocity of change of the energy components in energetic trajectory, caused by the developing damage, appear earlier then symptoms based on classical measures. Upon completing the experiment, the pinion tooth No. 11 was completely fractured. 
Conclusions
The concept of the Teager-Kaiser energetic trajectory presented in the paper is a novel approach to signal analysis based on the assumption that the emergence of damage will influence the amplitude-frequency structure of the signal. As presented earlier, in the example of signals with different types of modulations (AM, FM and AMFM), the energetic trajectories have characteristic shapes resulting from the type of the modulation of the examined signal.
It is worth noticing that representation of the signal on the − plane is sensitive to local and transient disturbances resulting from early stages of damage s which might not be detected early enough using integral methods such as e.g. the methods based on the spectrum analysis. As presented using numerical model, the emergence and development of damage that impacts the amplitude-frequency structure of the signal causes the change in the magnitude and the shape of the energetic trajectory.
The Teager-Kaiser energetic trajectory of examined signal might be difficult to use straightforward for condition monitoring of machines. For application of the energetic trajectory in such task proper descriptors must be created. The trajectory can be described i.e. by statistical parameters such as: location of the center of gravity, maximum values of ( ( )) and ( ( )), range of values along ( ( )) and ( ( )) axes and others. The development of methods, which would allow to apply the energetic trajectory for condition monitoring and detection of anomalies in real-life diagnostic signals, constitutes the area of future research.
Future research will test influence of such a factors as noise, load or rotating speed of gearbox on the Teager-Kaiser energy trajectory. Additionally, research will be extended on application of the Teager-Kaiser energetic plane for condition monitoring of bearings.
